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A Lagrangian framework is used for analysing reactive solute transport by a steady
random velocity field, which is associated with flow through a heterogeneous porous
formation. The reaction considered is kinetically controlled sorption—desorption.
Transport is quantified by the expected values of spatial and temporal moments that
are derived as functions of the non-reactive moments and a distribution function which
characterizes sorption kinetics. Thus the results of this study generalize the previously
obtained results for transport of non-reactive solutes in heterogeneous formations
(Dagan 1984; Dagan et al. 1992). The results are illustrated for first-order linear
sorption reactions. The general effect of sorption is to retard the solute movement. For
short time, the transport process coincides with a non-reactive case, whereas for large
time sorption is in equilibrium and solute is simply retarded by a factor R =1+ K,
where K is the partitioning coefficient. Within these limits, the interaction between the
heterogeneity and kinetics yields characteristic nonlinearities in the first three spatial
moments. Asymmetry in the spatial solute distribution is a typical kinetic effect.
Critical parameters that control sorptive transport asymptotically are the ratio ¢,
between a typical reaction length and the longitudinal effective (non-reactive)
dispersivity, and K. The asymptotic effective dispersivity for equilibrium conditions is
derived as a function of parameters ¢, and K;. A qualitative agreement with field data
is illustrated for the zero- and first-order spatial moments.

1. Introduction

Most subsurface formations exhibit significant and seemingly erratic spatial
variability in their hydraulic properties. For a given constant average hydraulic
gradient, heterogeneity of hydraulic properties of aquifers determines heterogeneity of
the fluid seepage velocity by which dissolved contaminants are advected. In turn,
variations in the fluid velocity control field-scale dispersion of non-reactive
(conservative) solute that is frequently several orders of magnitude greater than the
pore-scale dispersion and molecular diffusion (Dagan 1987, 1989).

Transport of non-reactive solute by random velocity fields in heterogeneous
formations has been considered in several theoretical studies (e.g. Dagan 1982, 1984;
Gelhar & Axness 1983 ; Neuman, Winter & Newman 1987; Neuman 1993 ; Shapiro &
Cvetkovic 1988; Rubin 1990; Dagan, Cvetkovic & Shapiro 1992). In particular, the
first and second moments of the solute spatial distribution were related to the statistics
of the hydraulic conductivity under ergodic conditions for non-Fickian and Fickian
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regimes (Dagan 1982, 1984). Furthermore, the expected values of spatial moments of
non-reactive solute plumes have been related to the solute source size for non-ergodic
transport (Dagan 1984, 1990, 1991). Experimental data from two comprehensive field
investigations conducted and reported in the literature to date (Borden site, Ontario,
Canada, and Cape Cod site, Cape Cod, Mass. — Freyberg 1986; Hess, Wolf & Celia
1992), as well as results from numerial simulation (Bellin, Salandin & Rinaldo 1992;
Chin & Wang 1992) compare favourably with the theoretical results of Dagan (1984).

Many subsurface contaminants of practical interest, however, are not conservative
and undergo some type of reaction, the most common being sorption. Whereas
random spatial variability in solute advection enhances contaminant spreading,
sorption reactions tend to retard (or delay) solute movement; thus their role is often
critical when assessing the potential impact of contaminants in the subsurface (Weber,
McGinley & Katz 1991).

Sorption reactions are due to chemical and/or physical processes and imply an
exchange of solute mass between the mobile fluid and immobile regions existing in the
porous medium on different scales (Brusseau & Rao 1989; Weber et al. 1991; Sardin
et al. 1991). In particular, solid grains constitute an immobile solid phase on the pore
scale, onto which solute is (ad)sorbed by chemical reactions (e.g. ion-exchange). On the
laboratory scale (107'-10° M) and larger, regions of essentially stagnant fluid are found
(e.g. intra-aggregate porosity, low-conductivity lenses); these regions constitute an
immobile fluid phase. Owing to concentration gradients, solute mass is transferred
between the mobile and immobile fluid phase by Fickian diffusion; this is referred to
as physical sorption, or mass transfer.

The rate of mass transfer has a timescale whose ratio to a typical advection timescale
constitutes an important parameter characterizing transport. A large mass transfer rate
implies fast reactions that can be approximated as equilibrium. For low mass transfer
rates, the reactions are rate-limiting (slow), and the kinetics of sorption is significant.
The chemical sorption reactions can be either fast or rate-limiting, whereas physical
mass transfer is generally rate-limiting.

It has been common in engineering applications to assume that sorption reactions
are sufficiently fast such that equilibrium conditions prevail. Several recent theoretical
studies have been focused on equilibrium sorption (Kabala & Sposito 1991;
Chrysikopoulos, Kitanidis & Roberts 1992). Mounting evidence from both field and
laboratory investigations indicates, however, that on the field-sale sorption rates are
lower than generally assumed and that kinetic effects may be significant (Nkedi-Kizza
et al. 1983; Miller & Weber 1986; Roberts, Goltz & Mackay 1986; Goltz & Roberts
1986; Ptacek & Gillham 1992). This is particularly true for transport in fractured
formations (Knapp 1989).

Analytical solutions for transport that couple advection with kinetically controlled
sorption in heterogeneous aquifers are limited in number. Deterministic solutions for
either concentration or for the moments of the solute spatial distribution have been
discussed for homogeneous porous media by van Genuchten & Wierenga (1976),
Valocchi (1985) and Goltz & Roberts (1986, 1987). Transport of kinetically sorbing
solute in aquifers of simple heterogeneity (stratifications) has also been addressed
(Valocchi 1989; Andricevic & Foufoula-Georgiou 1991). The mass flux of sorptive
solute in heterogeneous aquifers has been considered using a stochastic analytical
model (Cvetkovic & Shapiro 1990), and also using a semianalytical approach (Selroos
& Cvetkovic 1992).

In this paper, kinetically controlled sorption reactions are coupled with solute
advection by a random steady velocity field. Large-scale transport is quantified by the
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expected values of spatial and temporal moments that are derived as functions of the
non-reactive moments and a distribution function which characterizes sorption
kinetics. This distribution function is obtained as a solution of one-dimensional mass
balance equations for the mobile and immobile solute where the independent variables
are time and the travel time of non-reactive solute along a streamline (streamtube).
Results are illustrated for transport of solute subject to rate-limiting sorption in three-
dimensional, heterogeneous and statistically isotropic aquifers. Asymptotic results are
derived where the apparent dispersivity for sorptive solute is expressed as a function of
the non-reactive dispersivity (Dagan 1984), and sorption rate coefficients. The results
have recently been extended to heterogeneous formations of anisotropic structures
(Dagan & Cvetkovic 1993).

2. Problem description

We consider fluid flow through heterogeneous porous formations with spatially
variable hydraulic properties, such as hydraulic conductivity, K(x), and porosity, z(x),
where x(x,, x,, x,) is a Cartesian coordinate vector. The seemingly erratic variations of
the hydraulic properties on the one hand, and the uncertainty stemming from scarcity
of measurements on the other, are set in a rational framework by regarding the
hydraulic properties as random space functions (RSF).

The fluid seepage velocity V(V,, V,, V,) satisfies the continuity equation V-(nV) = 0,
and is related to K,n and to the hydraulic head & through Darcy’s law V = —(K/n)
V&. Hence Vis in turn an RSF which may also depend on time. We assume here that
V is given in a statistical sense, and, below, we shall employ pertinent results derived
in the past. To simplify matters, we limit the study to a time-independent and
statistically stationary ¥, and without loss of generality the mean flow is taken in the
direction x,.

Let a reactive solute of mass M|, be injected into the flow field ¥(x) at time ¢, within
a volume ¥,. The governing equations of solute mass balance on the Darcy scale have
the form

oC oN oC ON
n§+V-q——n§, 1e. §+V-VC———87, 2.1a)

FON/at,N,C) = 0, 2.1b)

where C is the solute concentration in the fluid (mobile) phase, and N is the solute
concentration (per unit fluid volume) that has been sorbed or transferred onto the solid
(or immobile) phase, g = nCV is the advective mass flux, and ¢ is time. The function
Fin (2.1b) is a general expression for sorption kinetics that relates ON/0f to C and N
in a deterministic manner. The limiting case are equilibrium sorption reactions for
which (2.15) reduces to F(C,N) =0.

Equations (2.1) couple two important processes of field-scale contaminant transport:
(i) solute advection by the random velocity field, CV, and (ii) resistances to solute
advection due to rate-limiting (kinetic) mass transfer from the mobile to the immobile
regions of the flow. In (2.1) only reversible sorption is accounted for; irreversible mass
transfer (i.e. mass loss due to degradation, or decay) may be accounted for by adding
a sink term in (2.1 a). The mass transfer from the mobile to the immobile regions occurs
because of chemical and/or physical processes. In most cases of practical interest,
however, the rate-limiting mass transfer due to physical and chemical processes will
be indistinguishable on the field scale (e.g. Brusseau & Rao 1989), and is therefore
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regarded as a single process. The direct effect of pore-scale dispersion and molecular
diffusion, which was neglected in (2.1), is discussed in §7; the indirect effect of
molecular diffusion through mass transfer is accounted for in the kinetics of (2.1).

Owing to the random nature of F(x), solute concentrations, C and N in (2.1), are
also random functions. The expected value of concentration, {(C», can be represented
in terms of the expected values of the moments of the solute spatial distribution that
are related to the statistics of the Eulerian field V(x). An alternative representation of
transport is by means of the mass flux, ¢. The expected mass flux over a control surface
can be determined from expected temporal (travel time) moments that are related to
the statistics of V. The representations of transport with the expected concentration
and the expected mass flux can be related in special cases, such as for diffusion
processes. In the general case, these two representations are independent and are both
of interest for practical applications (Simmons 1982; Dagan ef al. 1992).

In the following Sections, we adopt the Lagrangian approach to analyse the expected
spatial and temporal moments of the mobile solute, as means of quantifying field-scale
transport of kinetically sorbing solute.

3. Lagrangian formulation of transport
3.1. Kinematical preliminaries

The starting point of the Lagrangian approach is the Eulerian velocity field, ¥(x), that
is determined through Darcy’s law from the pressure distribution. The vector equation
of the fluid particle trajectory is x = X{(¢; t,, a), where x = a is the initial coordinate at
t=t, i.e. X(t,;t, a) = a. Steady flows are characterized by X(¢;1,,a) = X(t—1,;a),
where the X have to be determined from the differential system dX/ds = V(X), with
X(ty;a) =a.

An alternative parametrization of the trajectories that is particularly useful in the
present context is obtained first by inverting the relationship x, = X,(1—t,; a) to yield
t—1t, = 7(x,; a). It is seen that 7 is the travel time of a fluid particle from the initial plane
at x, = q, to the plane at x, (we shall denominate this plane as CP, the control plane,
following the nomenclature of Dagan et gl. 1992). We assume that the mean flow is in
the x, direction and that 7 is positive and finite, i.e. all fluid particles cross the CP at
one time or another.

Substituting t— ¢, = 7(x, ; @) into the expressions for the transverse displacements X,
and X,, we obtain 5(x;;a) = Xy(7;a) and {(x,;a) = X,(r;a) (figure 1). Since
dr = (dr/dx,) dx,, it follows that 7, % and { satisfy the differential system (Dagan et al.
1992)

_Sd__l — 1 . d77 — I/2(x15775 g) _d_é — V:;(xla 77,0 (3.1)
dx, V(10" dxp WG90’ dxp o Vx99’

with initial conditions 7 = 0, y = a, and { = a, for x, = a,. Hence, x, = 5(x,;a) and
x, = {(x,;a) are simply the equations of the streamlines of the steady velocity field. The
important feature of representation (3.1) is that the transverse coordinates # and { can
be determined from the velocity field independent of 7. Furthermore, the inequality
X, > x, implies a fiuid particle that has moved beyond the CP, and is equivalent to
t—t, > 7. This can be expressed as H(t—1t,—71) = 1-— H(x,—X,), differentiation of
which with respect to ¢ yields

Ot —1,—7) = Ni(xy, 9, § 8(x,; — X)) = Vi(X) 8(x, — X)), (3.2)
where H is the Heaviside step function, and 8 is the Dirac delta function.
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FIGURE 1. Definition sketch of a streamtube.

We consider now an infinitesimal streamtube (figure 1) originating from the plane
x, = a, and of cross-sectional area A4, = Aa,Aa,. Assuming that the fluid moving
through A4, during an infinitesimal time At¢, is tagged, the marked particle volume is
given by AY| = n,Aa, Aa, Aa,, where Aa, = V| At,; for briefness, we have set n, = n(a)
and ¥, = V|(a). The Lagrangian statement of fluid continuity is as follows:

AV, =AY, ie. n,Aa,Aa,Aa, =nAX,AX,AX,. (3.3)

The usual Eulerian statement of continuity is n, ¥, A4, = nV(x,,%,{) A4, which is
obtained by dividing (3.3) by Ar= Az,. The latter equality results from the
differentiation of t—¢, = 7(x,;a) for fixed x; and a. The fluid particle volume can
therefore be expressed as follows:

AV =AY, =n, V,AAd, Aty = nV(x,, 7, ) AA At 34
The above convenient relationships will be used in the developments below.

3.2. Concentration and mass flux
3.2.1. Non-reactive solute

Let C(x, 7) define the concentration (or the resident concentration in the terminology
suggested by Kreft & Zuber 1978), as mass of solute per volume of fluid; the
conservation of mass is expressed with the aid of (3.3) as

Am = Am,, ie. Am,=nC(X,)AX =n,C,a)Aa, 3.5

where Aa = Aq, Aa, Aa,, and similarly for AX. Let AC(x, 1) be equal to C for xeAX
and equal to zero outside AX. Then, for AX -0, (3.5) leads to

1 o(t—ty,—1)
AmOAX—>nAmO6(x X) Om

where we have employed (3.2) and the definition of #, £ preceding (3.1). Equation (3.6)
in the form AC = (Am,/n) 8(x — X) was the starting point of Dagan (1982, 1984) and
will be used subsequently.

AC o(x; =) 8(x, =), (3.6)
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An alternative representation of transport is in terms of the solute flux

qxy, 1,60 = nV(x,9,8) Clxy, 7, ¢, 1),

defined as mass of solute per unit area and unit time at a point on the CP. Defining
again Ag = g for points within A4 = Ay A{ in the CP and for 7 < t—1¢, < 7+ At, while
Ag = 0 outside A4, Az, we may write, using (3.4) or (3.6),

1
Ag = AmoFAt»Am0 0(x,—1n) 0(x, — &) 8(z —t,— 7). (3.7

The latter definition in (3.7) was the starting point of the analysis of transport in
terms of the flux by Dagan et al. (1992) and Cvetkovic, Shapiro & Dagan (1992).
Integration of Agq over » and § yields AQ, the solute flux through the entire CP, for an
instantaneous injection of duration Az,— 0. This was used previously by Shapiro &
Cvetkovic (1988). Furthermore, the total solute flux Q, divided by the total fluid flux,
may be used for defining the flux-averaged concentration (Kreft & Zuber 1978). In the
terminology of Kreft & Zuber (1978), the representation with the aid of the resident,
or flux-averaged concentration at the CP, are detection modes. We may also use the
resident concentration or solute flux representations at the inlet plane x, = a,, referred
to as injection modes (Kreft & Zuber 1978). This distinction is achieved by replacing
in (3.6) or (3.7) Am, by n, C, Aa or by q,AA, At,, respectively. Here C, = C(a, t,) is the
initial concentration whereas ¢, = ¢(a, t,) is the initial solute flux. If injection takes
place at constant concentration, g, = C, ¥, is no longer constant since ¥} is spatially
variable. This issue is discussed in our work in progress about continuously injected
plumes.

3.2.2. Reactive solute

Here we wish to relate C in (2.1) to the Lagrangian variables X; (i = 1,2,3), or
7,7, ¢ that have been employed for representing transport of conservative solutes. At
first glance this is not plausible, since following solute particles was equivalent to
following fluid particles in motion, whereas in the present case part of the solute mass
is immobilized. This apparent difficulty can be overcome by transferring (2.1) to a
coordinate system (£,, §,, &,) attached to streamlines and defined as follows:

Li(x;a) =1(x;a); Eyx;a) =x,—9(x;a); &(x;a) = x;—L(x;a).  (3.8)

The equation satisfied by C(&, #) and N(&, ) is obtained from (2.1) using (3.8) and (3.1)
as
oC  oC ON
R R e R e )
where v = Vi(x)/Vi(x,,9, ).
For x, = 7 and x; = {, i.e. along the streamline £, = £, = 0, (3.9) reduces to

oC aC  oN
atE T (3.10)

where C(£,,0,0,¢) and N(£,,0,0, ¢) are functions of two variables only. We solve (3.10)
for instantaneous injection of solute in the mobile phase of concentration C, during a
time interval A¢, at x, = a,, i.e. at £ = 0. At the same injection site we assume that
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N(0,0,0,7) = 0, while the initial conditions are C =0, N =0 for £, > 0, ¢t = ¢,. With
At,— 0, the boundary and initial conditions become

AC(0,0,0,7) = Cy(a, t,) 8(t—1t,)At,;  N(0,0,0,1) = 0. (3.11)

The solution of (3.10) with initial conditions (3.11) is the same as that of one-
dimensional flow of unit velocity. Such a system has been the object of earlier studies
and solutions are available for several types of sorption reactions. We shall write the
solution in the general form

AC(§,,0,0,7) = Cya, t,) y(t—t,,7) At,, (3.12)

thereby restricting our present discussion to processes where AC is linear in the initial
concentration C,. The form of the function y depends on the particular process that
was represented in a general form by (2.15). Thus, v is derived explicitly in § 5 for linear
kinetics. If the reaction is nonlinear, y may depend on C, and the initial concentration,
and the manner in which the present analysis applies the results for a solute particle to
a finite plume need to be modified. In the simplest case of a conservative solute, the
solution of (3.10) with N = 0 is y(z—t,,7) = 8(t—t,—7), i.e. the solute particle crosses
the CP at ¢ = t,+ 7, as does the fluid particle.

Because we are interested in finite initial input zones, we consider now an
infinitesimal fluid streamtube entering A4, at x = a (figure 1). We wish to express the
concentration field AC, (3.12), in terms of the initial solute mass Am, attached to a fluid
particle of volume AY,, (3.4), at x = a, ¢t = ¢, while AC = 0 elsewhere. Since by (3.4)
Am, = CyAY¥, = n, VA4, C, At,, substitution in (3.12) yields

1 1
AC = AC = — — A
(60,00 = ACC, 1,60 = Ay Y(t—ty D (130)
ie.
1 v(t—ty,71) 1
AC = AL ATy 3.13b
(xla 775 ga t) n Aan I/1(X1, ,'7’ g) AA ( )
With A4 -0 and since AC = 0 outside the streamtube, one has
1/A4—8(x,— ) 8(x;—0).
Hence, AC can be written in the following final form:
1 V(t—1y,T)
AC 1a) = — Amy 720 0(x, — - :
(o & 150) = By 00 0= 1) 05— ), (3.14)

where the dependence on a in the right-hand side of (3.14) is due to that of 7,7, { on
a as well of Am,,.
The solute flux Ag(¢,,0,0, 1) = nV,(x,,%,{) AC is obtained from (3.14) as follows:

Ag(x,t—1t,;a) = Amy(a, 1) y(7,t—1,) 8(x, — ) 8(x, — §). (3.15)

Equations (3.14) and (3.15) constitute the generalization of (3.6) and (3.7),
respectively, to reactive solute. For conservative solute, y(7, f) = 8(t—7) and with the
aid of (3.2), (3.14) and (3.15) reduce to (3.6) and (3.7), respectively. Whereas for a
conservative solute the mass is attached to the fluid particle, y(r, f) quantifies a trailing
solute plume behind the fluid particle located at x = X{(t—1,;a) or equivalently at
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1(X;;a) = t—1y, X, = 7(x;;a), X, = {(x,;a). Thus the reaction induces a distribution of
the solute along the fluid streamline, but not across it. Matters are different if
transverse diffusion is accounted for or if the fluid flow is unsteady. These cases are not
considered at present.

Finally, the two injection modes can be expressed with the aid of (3.14) or (3.15) by
substituting Am, = C,(a)da (¢, = 0), or Am, = g,(a, t,) At, for instantaneous resident
concentration, or rate of inflow, respectively.

4. Expected spatial and temporal moments

We characterize a solute plume of finite volume by its spatial and temporal moments,
which are random variables depending on t and x, respectively.

4.1. Spatial moments

The concentration field, C, for instantaneous injection of reactive solute into the finite
volume ¥, at f, = 0, is obtained by integrating AC (3.14) over ¥;. The result is

Clx, 1) = %JV n, Co(a)—l-/—z’gi%lg—)é‘(xz—n) 5(x,— &) da. @4.1)

For non-reactive solute, y(7, f) = 8(t—7), and (4.1) reduces by virtue of (3.2) to
Clx,t)= %fno Cya)d(x—X)da

which has been used in several previous studies (Dagan 1984, 1990) for investigating
transport.

The spatial moments of the solute plume with respect to the origin are defined from
(4.1) as

© 5, T)
o = an’"x"x’dx=f f n, Cola) X7 93 ——y—(’—dx da 4.2)
2 J 1 X2 X3 vila 0 Co(@) 1772?31/1()61,77,@ 1 (

since y(t,7) = 0 for x, < a, (no backward reaction). The key to evaluating (4.2) is to
exchange the variable x, with 7 using (3.1) to obtain

oy = L fﬂ 1o Co@) X\ @) [Xo(r: @ [Xo(rs @) (1, dr da, (43)

where we account for the definition of 7,7, { preceding (3.1), i.e. x;, = X, » = X, and
=X,

Because the fluid velocity, }V(x), is assumed to be a stationary, random field, the
kinematic variables X, and thereby the spatial moments, g,,,,, are random. For
simplicity, we shall assume C,(a) to be deterministic, implying that the zero-order
moment, i,y 1S deterministic. In the following, we wish to evaluate the statistical
moments of the first three central spatial moments that are defined from gx,,,,.
Although the following analysis may be used for evaluating statistical moments of
different order, we restrict the present discussion to the expected values only.
Furthermore, we shall assume that the ergodic hypothesis is obeyed for s,,,,, a topic
recently discussed for non-reactive solute by Dagan (1991). This requirement is ensured
if ¥, is of large extent compared to the velocity covariance integral scales.
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Let I', denote auxiliary functions defined as

r,(n= j TPy(t,7)d7, 4.4)
0

which depend on the particular type of reaction. The solute mass in the mobile phase,

i.e. the zero-order moment, is obtained by setting m = n = r = 0 in (4.3) as

M@ =M, T,(); M, =J n, C,(a)da, @.5)
if)

while the mass in the immobile phase is given by M,— M(?). For a conservative solute,
I', =, which is also the limit of I', for t—0. Moreover, since I', is positive, M
decreases from M, at t = 0 to a smaller value, whereby the immobilized mass increases.

Next, the centroid coordinate R is obtained by taking one of the indices m,n or r
equal to unity in (4.3), and normalizing by M (4.5) as follows:

1

R(t) =Ai4 mC(x. 1) dx = 31 L Lw n, Cy(@) X(r;@)y(t, ) drda.  (4.6)

For a random velocity field of mean U(U,0,0) and for ergodic R, we get for the
ensemble mean

(R0 = RO+ UT/Ty; (R =Ry0), (Ry) = Ry(0), (4.7)

where R,(0) is the deterministic initial centroid coordinate. Equation (4.7) is obtained
using the result <X) = a+ Ut (Dagan 1984) in (4.6).
The second central moment is defined as

S = (37 €= RO 5= (R

-4 L., J:O nod[X(r; @) = (RN X (7;0) —RDD Cyv(r, ) drda. (4.8)

Substituting X = a+ Ur+ X', where X" is the fluctuation of X, we get for the expected
transverse moments, from (4.7), (4.4) and (4.3),

S0 = S0+ = [ Xy rendr i=2.3, (49)

and for the expected longitudinal moment

(Su(0)) = Si(0)+ U2%— v (%) +—,1—0 J m Xy y(tndr,  (410)

where X;; =<X;X]> is the variance-covariance tensor of X. Equation (4.10)
encapsulates one of the main results of this study, expressing the reactive spatial
variance as a function of the non-reactive spatial variance and the reaction-dependent
coefficients I",,. Analytical expressions for X; as function of the hydraulic conductivity
statistics have been obtained by Dagan (1982, 1984) assuming flow in unbounded
domains; these expressions are to be defined and used in §6.

The first term of (4.10), S,,(0) = (1 /Mo)faf C,da, is the initial second moment of
the plume. The second and third terms in (4.10) exist for deterministic and uniform
velocity fields and represent the spread of the solute due to mass transfer to the
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immobile phase. The last term in (4.10) is of major interest, since it couples the effects
of velocity randomness and sorption. For a conservative solute, i.e. for y(¢,7) = 6(t—7)
and I', = 7, (4.7)+(4.9) degenerate into familiar forms for non-reactive solute (Dagan
1984).

Finally, the longitudinal third central moment for reactive solute is given by

Sud> =37 | n - R € ytr. drda

] )\ I, r, 3U
_ 3l 3 afLa)
= Sul0)+ U P +2U (FO) L ’TXH’)/dT
_3U~F%L X, vydr, 4.11)

where we assume (X *) = 0 (Dagan 1984).

4.2. Temporal moments

We compute here the temporal moments at a fixed control plane at x,. Integrating first
Ag, (3.15), over the CP, we obtain

AQ(x,,t—t,;a) = Amyy(t—1t,,7). (4.12)

Further integration of (4.12) over the injection volume ¥} yields
Oxy, t—1,) = J n, Co(@) Y[t — 15, 7(x,; @)] da, (4.13)
*a

which is to be used for evaluating the expected temporal moments. As a preparatory
step we define the auxiliary coefficients

A,(x) = f T it ) dt. (4.14)

Because of the random character of ¥(x), 7 is a random variable following (3.1).
Hence, the computation of {y) in (4.14) requires knowledge of the probability density
function of 7. For conservative solute, 4, = {77).

The expected cumulative breakthrough curve that is identical to the actual one under
the ergodic conditions, is defined by

MG 0/ My = 5y | Qe 12 a8 = - | f 1y Col@) (' )y dadt, (4.15)
0
with (M(x,, 0))/M, =1 and for simplicity ¥, is a disk at the plane x, = a,.

The first three temporal moments can be evaluated from (4.13) using (4.14); we get
for the mean passage time

1 0
I(x)) == | t€QCx,t)ydr = 4,. (4.16)
MO 0
In a similar manner, we get for the second temporal moment

(Spe)y = [ =T, )y ar = 4,~ 2 A

ke Wi 4.17
MO 0 2 AO +Ag ( l )
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For conservative solute A4,=1, 4, =<{7) and A4, =c>+{7), and (4.15-(4.17)
degenerate into expressions for conservative solute. Analytical expressions for (7 and
o? as function of the hydraulic conductivity statistics, have been obtained by Shapiro
& Cvetkovic (1988) under conditions identical to those considered by Dagan (1982,
1984). Equations (4.15), (4.16) and (4.17) generalize the results for conservative solutes
to the case of reactive ones.

5. Linear sorption reactions

For evaluating the expected spatial and temporal moments as discussed in §4, the
distribution function v, (3.12), is required. In this section, we find y for one important
class of mass transfer (sorption) reactions, namely, for linear sorption, which has
frequently been used for modelling reactive transport on both the field scale and in
laboratory columns.

Let € and N denote the Laplace transforms of the mobile concentration, C, and the
immobile concentration, N, respectively. The linear mass transfer models are defined
such that the ratio N/C is either a constant or a function of the Laplace transform
variable, s (Villermaux 1974). Transforming the governing equation of mass balance
(3.10) (with ¢, = 1), we write for the linear sorption models

d¢ £ oA ooa
E=—s(N+C); N/C = W(s), .1
where M(s) defines the mass transfer kinetics in the Laplace domain; the form of W(s)
depends on the type of mass transfer process assumed. For instantaneous injection (see
(3.11)) of unit mass, the Laplace transform of y (3.12), 7, is obtained from (5.1) as

V(7,8) = exp{—s[1+ W(s)] 1}. (5.2)

Inversion of (5.2) for specific forms of W(s) yields the y that is to be used for evaluating
the spatial and temporal moments.

A special case of interest is when the mass transfer between mobile and immobile
zones is sufficiently fast relative to the timescale of the transport problem such that
equilibrium may be assumed. For equilibrium conditions, W(s) = const = K, where
K, is referred to as the mass partitioning coefficient, or the equilibrium distribution
coefficient (e.g. Valocchi 1985). Inverting (5.2), for the equilibrium case we obtain
v(r,t) = 8(t—7R), i.e. the advection of reactive solute is retarded relative to the
advection of non-reactive solute by a factor R = 1+ K;; the parameter R is referred to
as the retardation factor. In the absence of reactions, W(s) = 0, and y(t,7) = 8(t—7).

5.1. First-order rate model

A number of different physical and chemical processes in porous media result in non-
equilibrium mass transfer between mobile and immobile regions that can be described
with the first-order rate model (Brusseau & Rao 1989; Weber e al. 1991 ; Sardin et al.
1991). The governing equations for advective transport coupled with the first-order
rate of sorption are

oC oC ON

I S A (:34)
oN
Yk, C—kyN—k,N = ky(K,C—N)—k, N, (5.36)

ot
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Fi1GURE 2. The distribution function y at K, = 1 for (a) first-order rate model (5.5),
and (b) spherical diffusion model (5.8).

where k, and k, are the forward and backward rate coefficients, respectively,
K, = k,/k,, and where we have included linear irreversible mass transfer (degradation,
or decay), with k, being the decay rate. From the Laplace transform of (5.35), W(s) is
obtained as

Ky

M= TR TRy

(5.4)

For sufficiently large k, (with K, remaining constant), (5.4) reduces to the linear
equilibrium model, i.e. W(s)— K, for k, > oo and k, = 0. By appropriate scaling of k,
and k,, simultaneous linear equilibrium sorption may be introduced in (5.3), whereby
the so-called two-site model is obtained (e.g. Cameron & Klute 1977). Thus (5.3)
represents a relatively general model for linear sorption reactions that can incorporate
equilibrium and non-equilibrium linear reversible mass transfer, as well as the
irreversible linear mass loss (decay).
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The function v is obtained for a pulse injection by inverting (5.2) with (5.4) (Lassey
1988):

y(7, 1) = exp[—(k, + ko) ]6(t—7)
+k k,Texp(—k, 71—k, t+k,7—ky ) Lk, k(1 —7)| H(t—1), (5.5)

where I,(Z) = I,(2Z 1)/ Z* with I, being the modified Bessel function of the first kind
of order one; the Laplace transform of vy is given by (5.2) with W(s) defined in (5.4).
Dimensionless y¢ obtained from (5.5) is illustrated in figure 2(a) as a function of 7/¢
for three values of k, ¢ for fixed K, and for k, = 0. Note that figure 2(q) illustrates the
approximate spatial distribution of solute along the streamtube; for a constant velocity
field, the curves in figure 2 (@) are proportional to the spatial distribution of solute. For
large k,¢—0 the reaction is not felt and y— 8(r—7).

5.2. Diffusion models

For applications where the physical mass transfer processes are dominant, and where
the regions of the immobile fluid are not well mixed, the first-order rate model may not
be sufficient for describing the mass transfer. For such cases, mass transfer models have
been developed that assume a specific idealized geometry of the immobile regions (e.g.
spherical, cylindrical, rectangular) within which the mass transfer is governed by Fick’s
second law of diffusion. The idealized geometry of the immobile regions may represent
grains, soil aggregates, low-permeability zones, or blocks of rock. The diffusion models
have been used for describing mass transfer in soils (van Genuchten & Wierenga 1977;
van Genuchten & Dalton 1986), aquifers (Goltz & Roberts 1986) and fractured
formations (Neretnieks & Rasmuson 1984).

The mass transfer equation (2.15) for the diffusion models assuming three types of
immobile geometry, are (Goltz & Roberts 1987)

oC* _ D g(rm_lac*

a o\ o

m b
); N=_”‘J K, r™1C*dr. (5.6)
b 0
Equations (5.3) and (5.6) constitute a complete system of mass balance equations for
the diffusion models. In (5.6), m = 1 for a rectangular, m = 2 for a cylindrical, and
m = 3 for a spherical immobile region geometry, D is the diffusion coefficient of the
sorbing solute in the immobile region, C* is the concentration at locations within the
immobile region, and K} is the solute capacity ratio of the immobile to mobile zones.
The equation for N in (5.6) defines the volume-averaged immobile solute concentration,
N, in term of C*, while b represents a characteristic length of the immobile zone
(radius, in the case of spherical or cylindrical geometry, and half-width in the case of
rectangular geometry). The initial/boundary conditions applicable within the immobile
region are
C*(r,0;7)=0; C*@O,t;7)F00; C*b,t;7)= C(1,1). 5.7

The system of equations (5.3), (5.6) with (5.7) has been solved by Rosen (1952) for
the spherical model (m = 3) with continuous injection. Differentiating the result of

Rosen (1952, equation (26)) with respect to time, the function y is obtained as (with
k,=0)

y(1, 1) = %{f j " exp = 3K, frH, (V)] cos [24(t—) AP — 3K, frH, (M dA,  (5.8)
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where # = D/b? characterizes the kinetics of mass transfer and corresponds to k, in the
first-order rate model; the functions H, and H, are defined as

A(sinh2A +sin24) ) = A(sinh 2A —sin 22)
(cosh2A—cos2X) ° 777 (cosh2A—cos2A)

H,(M) =

and are well approximated by H, = A—1, and H, = A for A > 10. Dimensionless y?
obtained from (5.9) is illustrated in figure 2(b) as a function of 7/t for a few values of
pt. With the appropriate choice of the parameters k,, # and K, the first-order and the
spherical diffusion models yield similar responses (figure 2).

The function W(s) for the spherical diffusion model is (e.g. Goltz & Roberts 1987)

3K, 0 (¢b)
Ybi(yb)’

where i, is the modified spherical Bessel function of the first kind of order n, i.e.
i,(2) = (n/ 22) I, (2), with I, 1 belng the modified Bessel function of the first kind of
order n+3, and where Y=(s/ D)2 The Laplace transform of y (5.2) with W(s) defined
in (5.9).

The function W{(s) for the cylindrical geometry of the immobile regions is defined as
W(s) = 3K, I,(Bb)/ pbI (fb), whereas for the rectangular geometry it is

W(s) = K, tanh (b)/ b

(Goltz & Roberts 1987). Following a similar methodology for Laplace inversion as that
given by Rosen (1952), the y-functions can be determined for the cylindrical and
rectangular geometry.

The uniform and regular immobile-region geometry considered in the diffusion
models is an overly simplified assumption for most field applications. However, these
models capture the qualitative features of the rate-limiting, diffusion-controlled mass
transfer, and as such have been used as an approximation even in formations where the
geometry of the immobile regions is irregular and varying. For varying size of
immobile zones, the characteristic length b is to be interpreted as an average, or
effective value.

W(s) = (5.9)

6. Illustration example

We consider solute transport in a three-dimensional, statistically isotropic hetero-
geneous porous medium under flow conditions identical to the ones discussed by
Dagan (1984). In particular, the porosity of the medium, », is assumed constant,
whereby the fluctuations in the steady-state velocity field, ¥, are due solely to the
spatial variability in the hydraulic conductivity, K = K{(x). The hydraulic conductivity
is assumed to be lognormally distributed, i.e. K(x) = K, exp (Y(x)), where K, is the
geometric mean of K, and the distribution of Yis N(0, o%). The covariance function for
Y is hypothesized as a negative exponential, i.e.

{Y(x) Y(x)) = Cyllx —x']) = Cylh) = o5 exp (—h/I),

where I is the integral scale of Y. Without loss of generality, we assume that the mean
hydraulic gradient is parallel to the x,-coordinate axis, i.e. J(J, 0, 0); consequently, the
mean flow is parallel to the x,-coordinate axis, i.e. U(U,0,0).

The controlling mechanism of the transport is assumed to be solute advection
through the random flow field with simultaneous exchange of solute mass with the
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immobile regions of the medium. We assume rate-limiting mass transfer that is due to
chemical and/or physical processes, and can be described by the linear first-order rate
model (5.3).

In the following, we illustrate the effect of first-order linear sorption on solute
transport. The effect of sorption kinetics on the expected first three moments of the
spatial distribution (spatial moments) is illustrated in §6.1. The expected first three
moments of reactive solute residence time (temporal moments) are illustrated in §6.2.

6.1. Spatial moments

The expected values of the first two spatial moments of a non-reacting solute advected
in a three-dimensional, statistically isotropic heterogeneous porous medium are given
by (Dagan 1982, 1984)

K.J
8 4 8 1\ 1
X11=2U2120'§;|:t/_§+? ,3+8 ~t (1+ ) /2:|5
and (62)
1 1 4 _. (1 4 4
Xy =Xy = 2U”2"2y[§‘?+ﬁ‘e (7*7*7)]

where (X, is the mean displacement in the x,-direction, and X;; are the variances in
the three directions, with X;; =0 for i+ j. The dimensionless time is defined as

= t/t,, where t, =I/U is a characteristic time of the formation heterogeneity.
Equations (6.1) and (6.2) are first-order approximations in ¢%, implying that X is
Gaussian and all the moments can be expressed with the aid of (X;) and X; (Dagan
1984).

In order to evaluate spatial moments for reactive solute, the /-functions (4.4) need
to be determined. For y(7,t) defined in (5.5), the first four /-functions are, for

k, = 0 (Appendix A),

1 _
=ﬁHKﬁ) (6.3a)
I,= (1+K2 _t)t”+ a1, (6.35)
Iy = 9{24!{__})(1 “)+— 1(1-Kye ) e+ 3(1-+1(3 et (630)
I,= E.I{L(K___)(1+ —‘)+ 5 [6(K;— 1)?—12K,](1—-K,e™)

R
—%Mﬁﬂw@4m—wm+@gq

t” " )
+ g 4K, (K, = D(1 =)+ 12K3(1+¢7)]

um

a—Kz%y”+ma+K44y” (6.3d)

where t” = t/t, is a dimensionless time and ¢, = (k, R)™* is a charcteristic reaction time.
Inserting (6.1)~(6.3) into (4.7)-(4.11), spatial moments for reactive solute are
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FiGURE 3. Expected values of central spatial moments evaluated from (4.5)—(4.11) for different %, ¢,
and K, =k,/k, for ¢% =1: (a) zero-order moment, (b) first-order moment, (¢) second-order
longitudinal moment, (d) coefficient of skewness, and (e) second-order transverse moment.

evaluated and illustrated in figure 3 over the range 0 < /1, < 10 for different values of
a dimensionless sorption parameter k, ¢, and of K. The ratio between the characteristic
times of the reaction and of heterogeneity is ¢,/t, = U(k,IR)"', which for the selected
values of k, #, and K in figure 3 is in the range 0.25 < t,/t, < 5,1.e. t,/t, = O(1). Thus,
the moments illustrated in figure 3 may be considered in the non-Fickian, non-
equilibrium (kinetic) regime.

The zero-order moment that quantifies immobilized mass is illustrated in figure 3 (a).
The retardation of the reactive solute plume centroid compared to the non-reactive one
is illustrated by the first spatial moment in figure 3(b). For small ¢/1,, the effect of
retardation is small, i.e. all curves branch from the one for conservative solute. At large
t/t,, the effect is retardation at a constant rate R (asymptotic cases are to be discussed
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subsequently). A similar effect is manifested for {S;;», (4.9)-(4.10), i.e. branching out
from the curve for conservative solute at small ¢/¢,, and the general decrease of the
spreading rate in comparison to the conservative case at large ¢/t, (figures 3¢, e).

The nonlinearity in (R,) is a typical kinetic effect (figure 35) that is more
pronounced for decreasing sorption rates, k, t,, and increasing partition coefficient, K;.
The nonlinearity in {S,, > (figure 3¢) and in {S,,> = {S,;> (figure 3¢) is due to coupled
non-Fickian and kinetic effects. The non-zero skewness is an indicator of non-
equilibrium (kinetic) effects since (X7*> = 0 (figure 3d). Although for the illustrated
curves skewness is positive, for decreasing k, t, nd K, skewness attains negative values
(see figure 4b).

Asymptotic results

The expressions for the spatial and temporal moments depend on three parameters
of significance: a timescale characterizing heterogeneity, ¢, = I/ U, a reaction timescale,
t, = (k, )™, and the partition coefficient, K, (or R = 1+K,). Various asymptotic
limits of interest may be obtained depending on the ratio ¢,/¢,, and on the timescale of
the transport problem, t/¢,, or t/t,, where ¢ is the time elapsed from the onset of
transport of a solute body injected instantaneously at ¢ = ¢, = 0. Herein we discuss two
such limits:

(i) Non-equilibrium, Fickian regime. We consider first the case where the timescale of
the problem is much larger than the heterogeneity timescale, i.e. t/t, > 1, whereas
t/t, = O(1), implying ¢,/t, > 1. These conditions indicate Fickian transport for non-
reactive solute (Dagan 1984), with kinetically controlled reactions. The appropriate
expressions of the spatial moments are obtained from (6.2) as

X, >2I%0% 1 X,y = Xpy—>2I%0% for ¢ =t/t,— 0. (6.4)
Substitution of (6.4) into (4.5) and (4.7)-(4.11) yields
M/M,=T,; {(R,>=UI\/T; (6.5a, b)
Sy~ Uz(i ?2)4’2(% KR)y; (Sy—iPd% (,j=23); (65¢d)
Sy = U3(§ +2g_3rr{)+6 3 IUz(g——g), (6.5¢)

where for simplicity we have set R,(0) = S;,(0) =0 (i,j = 1,2,3).

The first term on the right-hand side of {S,,> in (6.5) is due to reaction kinetics,
whereas the second term is related to heterogeneity, and is identical to the one
prevailing for conservative solute with the mean displacement defined by (R;) in (6.5),
rather than being Ut. Furthermore, by the scaling {S,,>/U?#, this dimensionless
function is a sum of two terms: the first-one depends on K, and ¢/¢,, while the second
is a function of ¢/¢, and K, multiplied by 1/e,, where ¢, = Ut, /o3 I =t /o% t,; ¢, 1s a
relevant dimensionless number quantifying the ratio between a reaction typical length
Ut,, and the longitudinal effective dispersivity for a conservative solute, o, = g% I,
evaluated from «; = (1/2U)(dX,,/d?). For kinetically controlled transport, 1/¢, < 1,
and the first term is dominant. {S,,)>/U% obtained from (6.5) is illustrated in ﬁgure
4(a) for different values of ¢, and K,;. A decomposltlon similar to that for {S,,>/U%?
is valid for {S,,,>/U% skewness deﬁned as {Sy;,>/{S,, >t is illustrated in figure 4(b)
as a function of ¢/¢, for a few values of K, and ¢,. The change of sign in skewness for
increasing ¢, is due to the gradual shift of solute mass into the tail part of y (figure 2a).

(ii) Equilibrium regime. If the timescale of the transport problem is much larger
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FIGURE 4. Expected values of asymptotic spatial moments (6.5) with ¢% = 1: (a) second-order
longitudinal moment, and (b) coefficient of skewness.

than the reaction timescale, i.e. " = ¢/¢, » 1, equilibrium will prevail. With neglect of
terms O(e™") in (6.3) we get

1 Fl 2K, v T, K, t?

FO—)E; t—r RZ ﬁ, t2 —R‘gt//+R3+COnSt (6.6a_c)
]_—'_.?1 12Kd(K 2) /7 7”9 ”3
3 7 t + R t +R4+const (6.6d)
Substituting (6.6) into (4.5) and (4.7)-(4.10) yields
1 U 2K, . d{R U
M/MO—>§; (R —>— ( % R) Le. <dt1>_)§ (6.7a-c)
UZ
<S11> _) k R3 I+X11(Z/I‘); <Sw> _)Xz](t/R) (laj = 2; 3)5 (67da e)

and where the skewness coefficient {S,,,>/ <S11>% converges to zero as £7.
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FIGURE 5. Expected value of effective (apparent) dispersivity evaluated using {S,,) in (4.10), for
different ¢, = Ut,/o2 [ = U/Rk,o% I and K, = k, /k,, and with o2 = 1.

The equilibrium relationships (6.7) specify that K; M, of the initial mass is sorbed,
and that the solute-body centroid is retarded by 1/R relative to the fluid. Similarly, the
heterogeneity-induced second spatial moment in (6.7) is obtained from that of a
conservative solute by replacing ¢ with the retarded time ¢/R.

It is appropriate to adopt in this case the dimensionless variable * = t/t, R = tU/RI
as the independent one. We may rewrite (6.7) in a dimensionless form as

d(<R1>/IR) . . <S11> . 2Kd k 7 %
i =l = TR XL, (6.8a, b)
S , .
2_2 UI>2 =X (r*) (i,j=2,3), (6.8¢)
Y

where X, = X;/0% I* and ¢, = Ut /o I. For transport dominated by heterogeneity,
e, € 1. This point becomes clearer if we consider in (6.8) the Fickian limit, i..
t* = tU/RI— co. Substitution of (6.4) into (6.8) yields

S 2Ky o

0_2712 —*’R—*Grt +2t . (69)

An apparent (effective) longitudinal dispersivity may be defined as
af = (8,,) R/2tU

(Dagan 1984). We then have from (6.9)

*
;‘2:1:%6,“. (6.10)
This simple expression relates the asymptotic effective dispersivity for conservative
solute, «; = o% I, to the one prevailing in reactive solute transport under equilibrium
conditions, the effects being additive.

The apparent dispersivity {S,,>R/2tU (with {S,,> defined in (4.10)) is illustrated
in figure 5 as a function of ¢tU/IR for different values of ¢, and K;. For K; = 1, the
apparent dispersivity increases monotonically to its asymptotic value given by (6.10),
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similarly as for the non-reactive case (Dagan 1984). In comparison, for larger
partitioning coefficient (K, = 5), the apparent dispersivity attains a peak value during
early time and then decreases to its asymptotic value given by (6.10).

6.2. Temporal moments

Assuming a travel time p.d.f. g, based on non-reactive temporal moments, the expected
reactive solute flux at fixed locations was analysed by Cvetkovic & Shapiro (1990).
Reactive temporal moments were analysed based on Monte Carlo simulation of two-
dimensional porous media and using vy (5.5) in Selroos & Cvetkovic (1992). The focus
here is on the analytical expressions for reactive temporal moments in the Fickian limit.

The non-reactive first two temporal moments for large x” = x,/I are defined as
(Shapiro & Cvetkovic 1988; Dagan et al. 1992)

(ry =x,n/KoJ=x,/U; o?=20%1Ix,/U* for x'=x;/I->c0. (6.11)
The first three temporal moments for sorptive solute can be evaluated provided that

a particular form of g, is hypothesized using (6.11). For the purpose of this discussion,
we assume an inverse-Gaussian p.d.f. g, (Shapiro & Cvetkovic 1988) the Laplace

transform of which is £,(s) = exp [A’xl—xl(A’2+sA”)%], 6.12)

where A" = x, /({1) U?c?) and 4" = 2x,/(U?c?), with {7) and ¢? defined in (6.11). The
inverse-Gaussian distribution for travel time is consistent with a diffusion process
(Simmons 1982). The expected values of the first three central temporal moments for
reactive solute (7"), 0% and v respectively, are evaluated using (5.5), (6.12), and (B 1)
and (B 2) of Appendix B, as

<T> ’ O-fZP Kd ’
L —d 6.13a, b
R0~ e EroE \LTeR )Y (6.13a, 5)
VT — & 2Kd ’ 61
———“120"§,I3(R/U)3 (1+e, R+6’—4R>x' (6.13¢)

The first three temporal moments (6.13) are all linear functions of the distance, in
contrast to the first three spatial moments, which are nonlinear functions of time
(figures 3b and 4). Large ¢, implies strong kinetic effects that result in large asymmetry
in the solute breakthrough which is quantified by v, (6.13¢). This indicates the so-
called ‘tailing’ phenomenon that is a typical kinetic effect where small amounts of
solute are discharged into the advecting fluid (mobile region) from the immobile
regions over prolonged periods of time; such effects have frequently been observed in
both laboratory and field experiments (Weber et al. 1991).

6.3. Comparison with field data

Experimental data on field-scale transport of sorptive solute that is sufficiently detailed
for moment analysis, is limited. At the Borden field site, Ontario, Canada, five
halogenated hydrocarbons were injected as reactive (sorptive) tracers into the aquifer
(with U = 0.09 m day™?), and their movement was monitored for a period of two years.
Only the zero-order and the first moments of the Borden field experiment are available
in the literature. Data for the zero-order moment and the first moment for two
hydrocarbons (bromoform (BROM) and 1,2-dichlorobenzene (DCB)) are illustrated in
figure 6, taken from Roberts et al. (1986). Figure 6 depicts the decrease of mobile solute
mass with time due to immobilization, and is consistent with the type of curve given
in figure 3(a). The nonlinear increase with time of the plume centroid position for the
two hydrocarbons (figure 6b) resembles the curves of figure 3(b). The similarity
between curves in figures 6(a) and 3(a), and figures 6(b) and 3(b) indicates that the
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FiGURE 6. Field data from BROM and DCB from the Borden field experiment (from Roberts ef al.
1986), and comparison with fitted curves obtained using the model of §5.1 modified into the two-site
sorption model with U = 0.09 m day*: (a) zero-order moment, and (b) first-order moment.

prevailing sorption processes for BROM and DCB monitored in the Borden aquifer
are qualitatively consistent with the first-order rate sorption model (5.3).

Recently, Ptacek & Gillham (1992) reported data on sorption parameters from
small-scale experiments on samples from the Borden aquifer. Their analysis showed
that the so-called two-site linear sorption model (e.g. Cameron & Klute 1977) most
closely reproduces the sorption processes for the five hydrocarbons injected in the
Borden aquifer. The two-site sorption of hydrophobic organic compounds such as
BROM and DCB, is viewed as being controlled by an initial rapid reaction at the
sorbent surface followed by diffusion into organic matter to additional sorption sites.
The total reaction is thus a result of simultaneous equilibrium (fast) sorption quantified
by a retardation factor R,, and non-equilibrium (slow, diffusion-controlled) sorption
characterized by rate coefficients, k¥ and k7.
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The linear sorption model of §5.1 is readily extended to a two-site model by
redefining the coefficients in (5.3) as k, = k¥/R, and k, = k} (Lassey 1988; Destouni
& Cvetkovic 1991) and by evaluating 7 from dr/dx, = R, V (x,,7, {) rather than from
(3.1). The parameters k¥, k¥ and R, were chosen (with k£, = 0 since no evidence of
degradation has been reported) such as to provide a reasonable fit with the measured
data (figure 6): k¥ = 0.001 day™ and k¥ = 0.004 day™* and R, =2 for BROM, and
k¥ = 0.005 day* and k¥ = 0.0005 day ! and R, = 5 for DCB. In view of the relatively
large 95% confidence interval for the zero-order-moment data, particularly at early
time (Ptacek & Gillham 1992) the curves in figure 6 closely resemble the measured data.
More data than those available from the Borden experiment is required, however, for
a proper verification of the linear sorption model (5.3). It may be noted that the
sorption parameters estimated in figure 6 differ significantly from those estimated in
small-scale experiments by Ptacek & Gillham (1992). The small-scale data are
consistent with the field-scale data only during the first month (Ptacek & Gillham
1992), whereas the field-scale data in figure 6 are for the entire monitoring period of
two years.

7. Discussion of results and conclusions

Transport of a passive scalar by steady random velocity in a heterogeneous
formation has been previously analysed using the Lagrangian framework (e.g. Dagan
1984, 1991). For a statistically stationary velocity field of uniform mean and under
ergodic conditions, the solute-body centroid moves at the constant speed U, whereas
its second-order spatial moments increase with time. Neglecting the effect of pore-scale
dispersion, the growth of the transverse moments is limited and results from the
winding of the streamlines in space. The longitudinal moment grows indefinitely due
to the variation of the velocity among streamtubes. With ¢, = I/U being the
heterogeneity characteristic time, and for ¢/¢, > 1, where ¢ is the transport time, the
longitudinal second moment grows linearly in time. In the asymptotic stage, the
longitudinal effective dispersion coefficient is constant and the effective dispersivity, a,,
obtained by division by U, is at first order equal to ¢% I.

Similar results were obtained from the analysis of solute flux through a fixed control
plane at say x; (Shapiro & Cvetkovic 1988; Dagan et al. 1992). The breakthrough
curve is characterized by an average passage (travel) time {r) = x,/U. The temporal
variance grows linearly with x, for x,/I> 1 and is given at first-order by
o2 =2lo% x,/U>

The main objective of the present study is to generalize these results to transport of
a reactive solute that is sorbed reversibly by an immobile phase (soil aggregates,
stagnant zones, rock matrix) while being advected by the fluid (mobile phase).

In principle, the Lagrangian framework is not suitable for the analysis of transport
of sorptive solute since sorption immobilizes part of the solute particle mass and thus
particles do not move as indivisible entities. By an appropriate nonlinear trans-
formation, however, the transport equation is reduced to that of one-dimensional flow
of unit velocity along streamlines (equation (3.10)). For such a case, a number of
solutions are available in the literature that can readily be incorporated into the
Lagrangian framework. The effect of sorption upon solute concentration in the mobile
phase is manifested in the existence of a wake of solute trailing behind the solute
particle. This wake, represented qualitatively in figure 2, is confined to the streamtubes
of the fluid flow, no mechanism of transverse exchange being present.

The presence of pore-scale dispersion may have a significant effect upon the local
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concentration C(x, f). Indeed, the convective mechanism results in the separation of the
solute plume into parcels that move quicker than the mean through zones of higher
permeability, with the opposite occurring in low-conductivity regions. In the absence
of diffusion mechanisms and for a conservative solute, the concentration stays equal to
its initial value. Since the lengthscale of solute parcels is the heterogeneity scale 7, the
pore-scale dispersion becomes effective in reducing local concentrations at ¢ ~ I*/D,.
However, this effect is negligible upon the longitudinal spatial or temporal moments of
the entire plume, which are dominated by the spread of the parcels in space (for a
discussion see Dagan 1989, Section 4.6). Pore-scale dispersion may affect more
significantly the transverse spatial moments of the plume, since the convective
mechanism leads to modest lateral growth (the plume tends to a constant second
moment in three-dimensional flow and grows logarithmically with time in two-
dimensional flow). Hence, for ¢t ~ /%./ D, ., where /. is the initial lateral dimension of the
plume and D, is the coefficient of transverse pore-scile dispersion, the plume lateral
moments are affected by pore-scale dispersion. Owing to the smallness of D, and to
the ergodic plumes considered in the present study (large /;./1), the above timescale is
very large, beyond the range of interest in most applications.

The general results are illustrated for the case of linear kinetics with constant rate
coefficients k, and k,. The process is characterized by the reaction time ¢, = (k, R)™
and the distribution coefficient K, = k,/k,. While closed-form solutions are presented
for spatial and temporal moments, the nature of the transport process is apparent in
the asymptotic limits. For ¢/t, < 1, the solute behaves like a passive tracer, as
demonstrated by expansions in (6.3).

An interesting limit is ¢/¢, > 1 for which equilibrium is reached between phases in a
batch experiment. In the spatial analysis, there is a partition of constant ratio K
between the sorbed solute mass and the mass in the fluid (equation (6.7)). In contrast,
the entire mass passes eventually through any control plane in the solute flux analysis.
Under ergodic conditions, the solute-body centroid moves with constant retarded
speed U/R, (6.7), and, similarly, the mean passage time is delayed by R =1+K,
((6.13), valid for any x,). The spatial transverse moments are identical to those pertinent
to a conservative solute, apart from the retardation which differs by a factor R (6.7).
The longitudinal second spatial moment, (6.7), consists of two terms. The first one is
entirely related to sorption and prevails for uniform flow; it encapsulates the effect of
the reactive trailing wake that is absent in the case of passive tracers. The second term
is identical to the advective term retarded by R, (6.7). Hence for a fixed time, the first
term augments dispersion whereas second one diminishes it.

The simplest asymptotic results are achieved for both ¢/¢, > 1 and ¢/¢, > 1, while the
important dimensionless number ¢, = Ut,/o% I represents the relative impact of
sorption and spatial heterogeneity. Under these limits, the longitudinal effective
dispersivity obtained from the division of the dispersion coefficient by the retarded
velocity, consists of the aforementioned two terms: the advective one is the same as for
a passive scalar, whereas the sorptive one is proportional to ¢,, (6.10). Thus a snapshot
of the solute body at a fixed transport distance shows increased longitudinal spread for
a reactive solute. Similar additive effects of sorption and heterogeneity are displayed by
the temporal moments, (6.13).

At intermediate transport times or distances to the control plane, the process evolves
from the first to the last limit in a complex manner as illustrated in figures 3 and 4.
Although comprehensive data from field tests for moment analysis of reactive solute
have yet to be collected, qualitative agreement has been found for the zero- and first-
order spatial moments of the Border field experiment.
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The analysis has focused on transport in porous heterogeneous formations. Its
general part, however, is applicable to other similar processes with advection by steady
random velocity fields. Several problems remain to be investigated in the future, For
instance, the expressions for the spatial and temporal moments for non-ergodic
conditions, similar to those discussed for non-reactive solute (Dagan 1991), are of
particular interest. Furthermore, the extension of results to consider nonlinear sorption
reactions, and other types of chemical reactions in porous media, is to be considered
in the future.

The authors wish to thank an anonymous reviewer for thoughtful comments that
have helped to improve the original version of the manuscript.

Appendix A
The I'-functions (4.4) for first-order linear sorption may be evaluated as
— * i) pdp’)/;
()= L ™y(t,7)ydr = (—1) qs? = (Al

where 7 is the Laplace transform of y over 7 defined as

Y(s, 1) = JOO e y(r, dr (A2)

with y given in (5.5). Noting that v (5.5) is the solution of (5.3) for instantaneous
injection of unit mass (i.e. for y(0, ) = C(0,1)/C,At, = §(¢)), we apply the Laplace
transform operator over 7 on (5.3) (with k£, = 0) to obtain the following system of
differential equations:

d [y _(—G+k+ky) Kk, {y}
dz{é}‘( k, —k,/ 6] (A3)
subject to $(s,0) = 1 and 6(s, 0) = 0, where § = N/ C, At,. The solution of (A 3) for y
is .
V(s,t) = E exp(—oa, t)—E,exp(—a, 1), (A4
where E, = (ko) /(ay—ar), E,=(ky+o,)/(a;—ay)

oy 5 = —3s+ky R+ky) F U(s+ko) +2ky(s+ ko) (K;— 1)+ k2 R2)?
with R=1+K, and K, =k, /k,. Inserting (A 4) into (A1), I')(p=0,1,2,3) are
evaluated as (6.3) after setting k, = 0 and normalizing with ¢, = (k, R)™*.

Appendix B
The pth-order A-function (4.14) is evaluated as
Ay (x) = f

0

“ iy di= (=19 S LI e (B1)

where Z({y)) = f e **{y>dt is the Laplace transform of {y). Furthermore, we may
write

2= = | Hensmar ®2)
0
The Laplace transform of g, is £,(s) = f e *'g, dr; substituting 7, (5.4), into (B 2) we see
that .
ZLy>) = 8.8) = &, {is[1 + W)l (B3)

i.e. s = s[1 + W(s)]. Equation (B 3) implies that if the non-reactive travel time p.d.f., g,,
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is known, and a particular W{(s) is assumed, then the reactive temporal moments may
be evaluated using (B 1) and (B 3) without explicit knowledge of . A result analogous
to (B 3) has been obtained by Villermaux (1974) for steady-state flow in a set of parallel
tubes of constant radius; equation (B 3) is a generalization of this result to arbitrary
steady-state flow fields.

REFERENCES

ANDRICEVIC, R. & FourouLa-GeoraGIOU, E. 1992 Modeling kinetic non-equilibrium using the first
two moments of the residence time distribution. Stochastic Hydrol. Hydraul. 5, 155-171.
BELLIN, A., SALANDIN, P. & RINALDO, A. 1992 Simulation of dispersion in heterogeneous porous
formations: Statistics, first-order theories, convergence of computations. Water Resources Res.

28, 2211-2228.

Brusseau, M. L. & Rao, P. S. C. 1989 Sorption nonideality during organic contaminant transport
in porous media. CRC Crit. Rev. Environ. Control 19, 33-99.

CaMerON, D.R. & Krute, A. 1977 Convective-dispersive solute transport with combined
equilibrium and kinetic adsorption model. Water Resources Res. 13, 183—188.

CHN, D. A. & WaNG, T. 1992 An investigation of the validity of first-order stochastic dispersion
theories in isotropic porous media. Water Resources Res. 28, 1531-1542.

CHrysikopouLos, C. V., Kitanmpis, P. K. & RoBerts, P. V. 1992 Macrodispersion of sorbing
solutes in heterogeneous porous formations with spatially periodic retardation factor and
velocity field. Water Resources Res. 28, 1517-1530.

CVETKOVIC, V. & SHAPIRO, A. M. 1990 Mass arrival of sorptive solute in heterogeneous porous
media. Water Resources Res. 26, 2057-2067.

CVETKOVIC, V., SHAPIRO, A. & DaGaN, G. 1992 A solute flux approach to transport in
heterogeneous formations: 2. Uncertainty analysis. Water Resources Res. 28, 1377-1388.
DacaNn, G. 1982 Stochastic modeling of groundwater flow by unconditional and conditional

probabilities, 2, The solute transport. Water Resources Res. 18, 835-848,

DaGaN, G. 1984 Solute transport in heterogeneous formations. J. Fluid Mech. 145, 151-177.

DaGaN, G. 1987 Theory of solute transport by groundwater. Ann. Rev. Fluid Mech. 19, 183-215.

DaGaN, G. 1989 Flow and Transport in Porous Formations. Springer.

DaGaN, G. 1990 Transport in heterogeneous formations: Spatial moments, ergodicity and effective
dispersion. Water Resources Res. 26, 1281-1290.

DacaN, G. 1991 Dispersion of a passive solute in non-ergodic transport by steady velocity fields in
heterogeneous formations. J. Fluid Mech. 233, 197-210.

Dagan, G., Cverkovic, V. & SHAPIRO, A. 1992 A solute flux approach to transport in
heterogeneous formations: 1. The general framework. Water Resources Res. 28, 1369-1376.

DaGaN, G. & Cverkovic, V. 1993 Spatial moments of a kinetically sorbing plume in a
heterogeneous aquifer. Water Resources Res. 29, 40534062,

Destouni, G. & Cvetkovic, V. 1991 Field Scale mass arrival of sorptive solute into the
groundwater. Water Resources Res. 27, 1315-1325.

FREYBERG, D. L. 1986 A natural gradient experiment on solute transport in a sand aquifer 2. Spatial
moments and the advection and dispersion of nonreactive tracers. Water Resources Res. 22,
2031-2046.

GELHAR, L. J. & Axness, C. L. 1983 Three-dimensional stochastic analysis of macrodispersion in
aquifers. Water Resources Res. 19, 161-180.

GENUCHTEN, M. TH. vaN & DaLtoN, F. N. 1986 Models for simulating salt movement in
aggregated field soils. Geoderma 38, 165-183.

GENUCHTEN, M. TH. VAN & WIERENGA, P. J. 1976 Mass transfer studies in sorbing porous media,
1. Analytical solutions. Soil Sci. Soc. Am. J. 40, 473—480.

GoLTz, N. M. & RoBerTs, P. V. 1986 Interpreting organic transport data from a field experiment
using physical nonequilibrium models. J. Contam. Hydrol. 1, 77-93.

GoLtz, N. M. & ROBERTS, P. V. 1987 Using the method of moments to analyze three-dimensional

diffusion-limited solute transport from temporal and spatial perspectives. Water Resources Res.
23, 1575-1585.



Transport of kinetically sorbing solute 215

Hess, K. M., WoLF, S. H. & CeLIA, M. A. 1992 Large-scale natural gradient tracer test in sand and
gravel, Cape Cod, Massachussets, 3, Hydraulic conductivity variability and calculated
macrodispersivities. Water Resources Res. 28, 2011-2028.

KABALA, Z. J. & SposiTo, G. 1991 A stochastic model of reactive solute transport with time-varying
velocity in a heterogeneous aquifer. Water Resources Res. 27, 341-350.

K~aPp, R. B. 1989 Spatial and temporal scales of local equilibrium in dynamic fluid-rock systems.
Geochim. Cosmochim. Acta 53, 1955-1964.

KREFT, A. & ZUBER, A. 1978 On the physical meaning of the dispersion equation and its solutions
for different initial and boundary conditions. Chem. Engng Sci. 33, 1471-1480.

Lassey, K. R. 1988 Unidimensional solute transport incorporating equilibrium and rate-limited
isotherms with first-order loss, 1, Model conceptualizations and analytic solutions. Water
Resources Res. 24, 343-350.

MILLER, C. T. & WEBER, W.J. 1986 Sorption of hydrophobic organic pollutants in saturated soil
systems. J. Contam. Hydrol. 1, 381-391.

NERETNIEKS, 1. & Rasmuson, A. 1984 An approach to modelling radionuclide migration in a
medium with strongly varying velocity and block sizes along the flow path. Water Resources Res.
20, 1823-1836.

NEUMAN, S. P. 1993 Eulerian—Lagrangian theory of transport in space-time nonstationary velocity
fields: Exact nonlocal formalism by conditional moments and weak approximation. Water
Resources Res. 29, 633—645.

NEUMAN, S. P., WINTER, C. L. & NEwMmaN, C. M. 1987 Stochastic theory of field-scale Fickian
dispersion in anisotropic porous media. Water Resources Res. 23, 453—466.

NkepI-Ki1zza, P., BIGGAR, J. W., GENUCHTEN, M. TH., VAN, WIERENGA, P.J., SeLiM, H. M,
DavipsoN, J. M. & NIELsEN, D. R. 1983 Modelling tritium and chloride 36 transport through
an aggregated oxisol. Water Resources Res. 19, 691-700.

Pracek, C.J. & GiLLeaM, R. W. 1992 Laboratory and field measurements of non-equilibrium
transport in the Borden aquifer, Ontario, Canada. J. Cont. Hydrol. 10, 119-158.

RoBerTS, P. V., GoLTZ, N. M. & MaCkAY, D. M. 1986 Natural-gradient experiment on solute
transport in a sand aquifer, 3. Retardation estimates and mass balances of organic solutes. Water
Resources Res. 22, 2047-2058.

RoOSEN, J. B. 1952 Kinetics of a fixed bed system for solid diffusion into spherical particles. J. Chem.
Phys. 20, 387-394.

RuBiN, Y. 1990 Stochastic modeling of macrodispersion in heterogeneous porous media. Water
Resources Res. 26, 133-141.

SARDIN, M., ScHwEeicH, D., Len, F.J. & GENUCHTEN, M.TH. vaN 1991 Modeling the
nonequilibrium transport of linearly interacting solutes in porous media: A review. Water
Resources Res. 27, 2287-2307.

SELROOS, J. O. & CvETKOVIC, V. 1992 Modeling solute advection coupled with sorption kinetics in
heterogeneous formations. Water Resources Res. 28, 1271-1278.

SHAPIRO, A. M. & CVETKOVIC, V. 1988 Stochastic analysis of solute arrival time in heterogeneous
porous media. Water Resources Res. 24, 1711-1718.

SmMons, C.S. 1982 A stochastic-convective transport representation of dispersion in one-
dimensional porous media systems. Water Resources Res. 18, 1193-1214.

Varocchl, A.J. 1985 Validity of the local equilibrium assumption for modeling sorbing solute
transport through homogeneous soils. Water Resources Res. 21, 808-820.

VaLocchl, A.J. 1989 Spatial moment analysis of the transport of kinetically adsorbing solutes
through stratified aquifers. Water Resources Res. 25, 273-279.

VILLERMAUX, J. 1974 Deformation of chromatographic peaks.under the influence of mass transfer
phenomena. J. Chromatographic Sci. 12, 822-831.

WEBER, W, J., MCGINLEY, P. M. & KaTZ, L. E. 1991 Sorption phenomena in subsurface systems:
concepts, models and effects on contaminant fate and transport. Water Res. 25, 499-528.



